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INTRODUCTION

For the air bearing table to achieve its purpose of testing satellite

attitude control systems, the extraneous torques on the table must be

eliminated, if not totally, then to a value that will not affect the func-

tion of the attitude control system. When the design of the present atti-

tude control system for the table was simulated on the analog computer,

extraneous torques up to I0,000 dyne-cms, around each axis were simulated

with no apparent affect on the performance of the attitude control system.

Most attitude control systems for satellites do not require a finer torquing

control than that in the present table control system. Hence, elimination

of extraneous (unbalanced) torques to within I0,000 dyne-cms, is sufficient,

not only for the present table control system, but for most attitude control

systems that will be tested on this table in the future.

Of the many causes of unbalanced torques (temperature changes, air

currents, static mass unbalance, magnetic fields, etc.), static mass un-

balance contributes substantially to the total unbalance. This report pre-

sents the analysis and design of an automatic control system to reduce this

mass unbalance to 5000 dyne-cms, or less.

To balance the table (eliminate the static mass unbalance) about three

axes, the table is first balanced manually to within 200,000 dyne-cms, of

torque balance in the horizontal position. After this balancing the table

should be pendulous, but with a period greater than 2.0 minutes. The table

is then released from an appropriate initial position, and the automatic

balancing system is activated. This system senses a positional error from

the initial position, resulting from a torque unbalance, and corrects this

unbalance by driving a weight along the appropriate axis.

Two different initial positions (balancing modes) of the table are

needed to balance the table in three axes. In position one (FIGURE I),

the balancing system is in operation in the roll and yaw axes. Consequently,

after _he table is balanced in these axes, the center of gravity (c.g.)

will lie on the pitch axis. In position two (FIGURE II), the table is

rotated through 20 degrees about the roll axis, where the pitch balancing

mode is initiated and the movement of the pitch weight (Wp) brings the c.g.

to coincide with the center of rotation (C.R.), completing the table

l_alancing about all three axes. In the pitch balancing mode, an additional

position sensor is used together with the yaw balancing controls to limit

table movement relative to the axis "Y'". Finally, the table should be

returned to the first position and the balancing procedure repeated in the

roll and yaw aKes. The following is the analysis and design of the com-

plete balancing system.



DEFINITIONS

_R'Sy of table about the roll andangular position yaw

axes, respectively.

0_R,(_y - angular velocity of table about the roll and yaw

axes, respectively.

d - dead zone of d.c. servomotor

L - saturation voltage of d.c. servomotor

- gain of d.c. servomotor

- time constant of d.c. servomotor

n - gear reduction

K L - lead screw reduction

W T - weight of table

RR, Ry - the perpendicular distance from the center

of gravity (e.g,) to the roll and yaw axes

(FIGURE I)

Rp - the distance from the c.g• to the center of

rotation (C.R.) (FIGURE II)

- angle formed by the intersection of the line

from the c.go to the roll axis (R R) and the

roll-rltch plane (FIGURE I)

angle formed by the intersection of the line

from the e.g. to the yaw axis (Ry) and the

yaw-pitch plane (FIGURE I)

- initial angular position of table about the

roll axis when the pitch balancing mode is

used (FIGURE II)o

KSR , KSp- gain of position sensor in the roll axis

control in the roll.-yaw and pitch balancing

modes, respectively

KSy - gain of position sensor in the yaw axis

control in both balancing modes

•.. radians

...radians/sec

...d.c. volts

...d.c. volts

...rad/sec/d.c. volt

...seconds

...rad/rad

.o.ft/rad

...Ibs

•..ft

•..ft

..°rad

...rad

...rad

...a.c. volts/rad

...a.c. volts/rad



KDR,KDp - gain of demodulator in the roll axis control in
the roll-yaw and pitch balancing modes, respective-
ly ...d.c. volts/

a.c. volts

KDy - gain of demodulator in the yaw axis control in

both balancing modes

_iR,_ip - lead time constants of lead-lag networks in

the roll axis control in the roll-yaw and

pitch balancing modes, respectively

- lead time constant of lead-lag network in

the yaw axis control in both balancing modes

T2R,_2p - lag time constants of lead-lag networks in

the roll axis control in the roll-yaw and

pitch balancing modes, respectively

_2Y - lag time constant of lead-lag networks in

the yaw axis control in both balancing modes

f_3R,_3p - time constants of filter networks in the roll

axis control in the roll-yaw and pitch balancing

modes, respectively

- time constant of filter networks in the yaw

axis control in both balancing modes

_AR,_Ap - gain of amplifier in the roll axis control

in the roll-yaw and pitch balancing modes,

respectively

KAy - gain of amplifier in the yaw axis control

in both balancing modes

...d.c. volts/

a.c. volts

...seconds

...seconds

.°.seconds

...seconds

...seconds

..°seconds

...d.c. volts/

d.c. volts

oo.d.c, volts/

d.c.volts

rR, rp - position of control weight in the roll axif

control in the roll-yaw and pitch balancing

modes, respectively ...ft

ry - position of control weight in the yaw axis

control in both balancing modes .. =ft

WR, Wp - control weight in the roll axis control in

the roll-yaw and pitch balancing modes,

respectively ... Ibs



wy - control weight in the yaw axis control in both

balancing modes

IRR ,Iyy,

Ipp
- moment of inertia of table about the roll, yawl

and pitch axes, respectively. IRR = 50 slug-ft ,

Iyy = 27 slug-ft 2, Ipp = 50 slug-ft 2

TWR, TWp - torque about roll axis due to moving weight when

the balancing system operates in the roll-yaw

and pitch balancing modes, respectively

TWy - torque about yaw axis due to moving weight when

the balancing system operates in both balancing
modes

T'uR,T'up- torque about roll axis due to initial static

mass unbalance when balancing system operates

in the roll-yaw and pitch balancing modes,

respectively

T'UY - torque about yaw axis due to initial static

mass unbalance when balancing system operates

in both balancing modes

TPR, Tpy - incremental torque about roll and yaw axes,

respectively, due to c.go below the roll-

yaw plane (pendulosity).

TUR, TUy - total torque unbalance around the roll and

yaw axes, respectively

...Ibs

...ft-lbs

•.. ft-lbs

...ft-lbs

...ft-lbs

.o.ft-lbs

...ft-lbs



ANALYSIS

Table Dynamics

Before the balancing system can be analyzed and designed, the table

dynamics about each axis must be determined. The table dynamics about the

roll and yaw axes, corresponding to position I (FIGURE I), will be analyzed

first. Afterwards, the dynamics in the pitch balancing mode (FIGURE II)

will be determined.

Position 1

Roll-Yaw Balancing Mode PITCH AXIS

Roll Axis

(1)

C.R. WR

'WT

eR

_--_ YAW AXIS

(This is a linear approximation of the general

equations of anzular motion of a rigid body°

Its validity will be shown later in this report3
el

<2)ITR = W. r.(t)c0s 8. - WT RR sin(_. +SR )=IRRSR

{3) sin(96 . +_)=sin_RCOSeR +sin_ COS(t).

Hence:

for small variations of 8 R :

sin (_R + % )= sin 9bR+ e. cos _R /
cos8R=I

(z_) ""

WR rR (t) -- WT RR sin (J:)R-- WT R. 8. COS(:/)R= IRR 8R

With all initial conditions zero, the LaPlace transform yields:

(S)WRr. (S) WT Re
S sin_" = IT"" SZ+ W' R" c°s _R ] e" (S)
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o_<6)_R(S)="F_RS2+W TR. cos(J:).[We re (S)- W T R. sin (J:).]
S

The corresponding servo block diagram is shown below:

WT RR

TUR - S eR(S)

sin_:UR +_j__

TWR
I' ]_ IRRS 2

Tp.

@.I

4W_ I rR(S)

r

Of course, this block diagram will appear as part of the overall

roll axis control loop, in the roll-yaw balancing mode.

Yaw Axis

The dynamics for the yaw axis can be obtained in the same manner,

giving : I

('> _y(S):IyyS2+WTRycos_y [Wyry(S)--WTRY sin_y]
S

The corresponding servo block diagram for the yaw axis dynamics is

shown below. This will form part of the overall yaw axis control loop,

in the roll-yaw balancing mode.



I0

WT Ry

Tuy = s I

n

Tpy

Tyy S 2

ey(S)

I rx(S)

w

Position 2

Pitch Balancing Mode

Roll Axis

PITCH
AXIS

YAW AXIS

Rp

I

Note: All roll angles and torques are positive in the counterclockwise direction°
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(s)z TR= IRR8R

for small variations of 8R:

Hence:

Therefore equation (11) reduces to
Io

(13) Wp rp [sin _p] - WTRp [sin _p] .: IR. e.

With all initial conditions zero, the LaPlace transform yields:

S

or (15) 8R (S) = I [Wp (sin (_p) rp (S)_WT RP

IRR S 2 , S

• I , '

r p (S)

With the table dynamics linearized, a linear analysis and design of

the balancing system can now be effected.
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CONTROL SYSTEMS

Roll Axis Control (Roll-Yaw Balancing Mode)

l_e block diagram of this system is shown in FIGURE III. An explana-

tion of the system and each component is described below.

The torque unbalance (TUR') of the table causes a table position error

(0R) o The position sensor is an electrolytic potentiometer. When used in

an a-c bridge circuit, it gives a proportional a-c signal up to _3/4 degrees

of table tilt. The electronic demodulator produces a d-c signal whose polar-

ity depends upon the phase of the a-c signal (i.e., the direction of tilt of

the table). Due to excessive lag and instability, two lead-lag compensating

networks are used to produce the necessary compensation. Any high frequency

noise is attenuated via filter networks. (It is possible to utilize the

motor armature inertia to obtain a lead effect. However the amount of this

lead would be too small for the present system. See Appendix)

Since the motor has a dead zone of +2 volts, an amplifier of gain ten

is added so thatina steady-state conditio_ the tilt of the table will be

within +1½ minutes of arc, the resolution of the sensor. Moreover, a limit-

ing device set at +30 volts is used to protect the motor. The d-c motor

with its gear reducer drives the control weight producing a compensatory

torque (TWR) on the table.

A Bode diagram of the uncompensated system (G(UNC)R(S)) for_R = 90 °

(non-pendulous condition, which is the worst case) is plotted in FIGURE IV.

The compensating networks were designed to give system unity gain crossover

at 0.5 rad/sec., and 52 degrees of phase margin. The time constants of the

lead-lag networks are chosen to be TIR = I0 seconds, and T2R = 0.333 seconds

while the time constant of the noise filters is set at 0.0333 seconds. The

corresponding Bode diagram of the compensated system (G(C)R (S)) is also

shown in FIGURE IV. Notice that the gain may fluctuate as much as +14 db

(a factor of 5 to a factor of 0.2) before the system goes unstable _ioeo,

the gain margins are +14 db).
m

Yaw Axis Control (_oth Balancing Modes)

The block diagram of this system is shown in FIGURE III. Due to the

similarity of this control system to the roll control system, a detailed

explanation will not be made.

Since the moment of inertia of the yaw axis differs from the moment of

inertia of the roll axis, the time constants of the lead-lag networks assume

new values for near optimum response. These are Tiy = 7.13 seconds and

T2y = 0=25 seconds° The control weight is increased by a factor of two,

increasing the gain by two. The Bode diagrams of the uncompensated and
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compensated systems for_y = 90 degrees are
shown in FIGURE V. The re-

sulting 0 db frequency crossover for the compensated system is 1.0 rad/sec

and the phase margin is 48 degrees. The corresponding gain margins are +12

db and - 18 db (a factor of 3.9 to a factor of 0.12).

Roll Axis Control (Pitch Balancing Mode)

The block diagram of this system is shown in FIGURE III. The only

difference between this system and the roll control system in the roll-yaw

balancing mode is the gain from the control weight to the torque on the table

produced by this weight. In the roll-yaw balancing mode this gain is

W R r R (t) as compared to a gain in the pitch balancing mode of Wp rp (t)

sin_p. Therefore, Wp sin_p is made to equal WR, thus making the two

systems identical as far a_the analysis is concerned. Consequently, the

Bode diagram, the unity gain crossover frequency, the phase margin, and the

gain margins are identical to the roll axis control system in the roll-

yaw balancing mode, which is shown in FIGURE IV.
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COMPUTER RESULTS

ROLL AXIS (Roll-Yaw Balancing Mode)

The simulation on the analog computer of the roll axis corttrol system

(including the dead zone and limiting characteristics) verified the linear

analysis. The natural frequency of the system corresponded to the unity

gain crossover frequency and the gain margins were in agreement. A response

of the system to an initial unbalance torque of 200,000 dynevcmso, with

R = 90 degrees, is shown in FIGURE VI. For variations in_R and torque

(_JR'), the form of the response is still the same. The chart in FIGURE VII

shows the time for the total unbalance torques (TUR) to reach 5,000 dyne-cmso

for varying input unbalance torques (T'uR).

YAW AXIS (Either Balancing Mode)

Again the analog computer results agreed with the linear analysis.

The natural frequency of the system corresponded to the unity gain cross-

over frequency (I rad/sec), and the gain margins were in agreement. A

response of the system to an initial unbalance torque of 200,000 dyneTcms.,

with_y = 90 degrees, is shown in FIGURE VIII, and for variations inky

and torque input (T'uy) , the form of the response is still the same. The

chart in FIGURE IX shows the time for the total unbalance torques (Tuy) to

reach 5,000 dyne-cms, for varying input unbalance torques(Tuy')o

ROLL AXIS (Pitch Balancing Mode)

First, the linearized control system was simulated on the computer, and

of course the results were the same as the roll axis contro_ in the roll-

yaw balancing mode. Afterwards, the terms containing (cos_Dp) eR in equa-

tion (II), page[[ , were added to see if they were negligible. No apparent

change was found in the response.

A response of the system to an initial unbalance torque of 200,000

dyne-cms, is sN)wn in FIGURE VI. The chart in FIGURE VII shows the time for

the total unbalance torques (Tup) to reach 5,000 dyne-cms, for varying input

unbalance torques (Tup'). These are the same responses for the roll axis

control in the roll-yaw balancing mode.
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INTER-AXIS CROSS-COUPLING

Below the general equations of angular motion of a rigid body are

given from which the linear approximations

_" T R = IRRUPt" Ty =IyySy result.

<17_Ty=My+ wp H_- wRHo

,_8_To= Ho+ CORMy-coyH.

where:

H R =IRRCO R - IRy COy-- TRp COp

Hy =IYY (fly - IYROJR--IyPOJP

Hp = Ipp 0Jp - IpR 03 R -Ipy OJy

Since the axes of the table are essentially the principal axes, the pro-

ducts of inertia will be much less than the moments of inertia, and therefore:

H R _ IRR OJR ; Hy _ Iyycoy; Hp _Ipp COP

and

(19) T R : TRR _R + Ipp COy O_p- Tyy COO COY

-- IRR COR - (Tyy-Ipp ) COy COp

(20) Ty = Iyy OJy + IRRCOR Cop--Ipp 0L)R COO

= _yy _y - (Ipp-IRR) COp COR

(21) Tp _- _pp OJp _- Iyycoy COR--IRR COy COR

= Ipp _p - (XRR-Xyy) CORCOY

The maximum rates of the table when the system was'simulated on a si1_gle

axis basis on the computer were:

5 x IO- 4 RAO/ SEC
CORe =

COyM = _ X IO -4 RAD/SEC

COO. = 0
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Therefore, the only important cross-coupli_Ig term would be that in equa-

tion (21), namely, (IRR Iyy) W R Wy. Since IRR - Iyy = 23 slug-ft 2, the

m_×imum value of this cross-coupling term would be as follows.

(IRR - Iyy) W R Wy = 46.5 dyne-cms.
or 3.45 X 10 -6 ft-lb

This would produce a negligible maximum acceleration about the pitch axis

as can be seen by substituting this value of maximum cross-coupling torque

into equation (21). The resulting (_p)MAX would be as follows.

(GP).Ax =
3.45 x I0 -s ft-lb

50 slug- ft z
- 6.9 x I0 -s rod/sec 2

Since the computer results show that the balancing system always

stabilizes in less than 2 minutes, the resulting velocity about pitch must

be less than 6.9 X 10-8 rad/sec 2 X 120 sec or 8.3 X 10 -6 rad/sec. This is

two orders of magnitude less than the maximum rates in roll and yaw, and

obviously causes no further cross-coupling effects.

Consequently, all cross-coupling terms in equations (19) through (21)

are negligible and can be dropped. The final equations of motion therefore

reduce to the following.
DP

622) TR = IRR _R - IRR 8R

_o

(23) Ty = Iyy (_y " Iyy _y

(24) Tp = Ipp (_p = Ipp_p
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CONCLUSION

The analog computer results show the balancing systems t') be st_i,l_,

and the parameters of each system should be those stated in the block

diagrams (FIGURE III).

A balancin_i time of two minutes in each position should be a sufficien_

amount of time to allow the table to balance itself, and since three balanc-

ing procedures are necessary, the total time for fine balancing will i>e

approximately I0 minutes.
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APPENDIX

Since the possibility does exist to have the output shaft at right

angles to the armature shaft of the motor, the torque caused by the moving

armature may be used to help balance its own axis. In accordance, a very

interesting result occurs. The equations of this phenomena are shown below:

(25) 8 M (S) = KM EM (S)
sl-rMs+ i)

but:

(2_) S_O.lS) : aM IS) (SINCE ALL INITIAL CONDITIONS ARE ZERO)

and :

(27) TAM (S)= ]:M aM (S)

therefore:

SK M
(28) aM (S) -

and :

('r'Ms+t)
EM (S)

"1"M KMS

(29) TAM(S) -" (_M S;_ EM(S)

The block diagram from the input of the motor to the torque on the table is:

EM(S)

..,s(_Ms +t)

I M K M S

(-r. s +a)

- +M

And simplifying this block diagram so that the motor, screw lead, and control

weight may be represented by one block:



(30)
T (S)

EM(S)

W

KM K L "K IMK M S
+

sl'F S+t) ('r'Ns+t)

W

KMKL"K + 'I'MKMS2

s(%s+i)

w [1+_KMK L -K

I M n

KLW

S('F.S+t)

K,K.W[o ,+KLWI'°']S
s(T s+i)

I

Tw
r

Notice that this transfer function has the lead term (]+I M n s2/KL W)

in the numerator. If IMn/KLW could be made large enough, the necessary

phase lead would be obtained without any additional lead networks. However

in this system IMn/KLW is approximately 0.2 (seconds) 2, producing no

appreciable lead in the system in the region of interest. To increase

IMn/KLW without decreasing the gain of the system, only IM can be increased.

Preliminary investigations of a motor that satisfies all the necessary con-

ditions (a high inertia, a low starting voltage, a low operating current,

and a liner, high gain, speed-voltage characteristic) show this method to

be impractical for this control system. But when all the above conditions

do not have to be met, and when a great amount of phase lead is necessary,

this type of compensation should be considered.
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ROLL AXIS CONTROL
(ROLL-YAW BALANCING MODE)

r .............. q POSITION
I TABLE DYNAMICS I SENSOR DEMOOuLATOR LEAD-LAG FI

TuR =W-rRR _"K ,_TuR I +
S j I _

+

T2R--O,333 SEC KOR-" I VOLT

"T'3R--O,O333 SEC KAR-'IO VO{

.............. J

YAW AXIS CONTROL
(BOTH BALANCING MODES)

r .............. 7II TABLE DYNAMICS POSITION
SENSOR DEMODULATOR LEAD-LAG FI

Tuy i + Ty I _ ey i - _ Vsy w"Tuy =WT RY SIN_)Y - (I +_yS)

Tw_ I
', I I SEC Ks,=535vc
I T2y =O,25 SEC KDy= I VOLT,

I %y=0.0333 SEC KAy : IO VOL"

I

L ............... J

ROLL AXIS CONTROL

(PITCH BALANCING MODE)

T'up= WTR P S|N(j0p

S
_-_C_ TuR= TR

+

Twp

TABLE POSITION

DYNAMICS SENSOR DEMODULATOR LEAD- LAG FI

"_ IRRS 2

"ITip = I0 SEC Ksp'

"T_p= 0,333 SEC Kop:

"F3p= 0,0333 SEC KAp:
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VOLT d= 2 VOLTS KL =4,74 X I04FT/RAD IR_ = 50 SLUG- FT _

/VOLT KM=83 RAD/VOLT-SEC n -- 60 RAD/RAD WT =t200 LBS

TWR

i MOTOR
DEAD MOVING

| ZONE CONTROL

IrER LEAD-LAG FILTER AMPLIFIER i E ' D.C MOTOR GEARING WEIGHT

- EoI-L  IE. l lO. ',_r--:----t

TS/RAD L-- 30 VOLTS T M=0,025 SEe Wy =1,544 X I0 _ LBS
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WT = 1200 LBS

Try
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IG - SS1-1102365D

MOTOR t_

DEAD MOVING

ZONE CONTROL

TER LEAD-LAG FILTER AMPLIRER _ D.C. MOTOR GEARING WEIGHT
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t( VOLT/VOLT

10 VOLTS/VOLT

L = 30 VOLTS

d = 2 VOLTS

Kkl= 83 RAD/VOLT-SEC

'I"9 = 0.025 SEC

KL =4.74 X I0 -4 FT/RAD

n = 60 RAD/RAD

Wp SIN <j_= 7.72 X I0 -2 LBS

[RR =50 SLUG- FT z

WT = 1200 LBS

_p = 20 °
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I
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ROLL AXIS CONTROL-BO_I BALANCING MODES

(_R = 90o in roll-yaw balancing mode)
I

Initial Unbalance Torque vs. Settling Time to 5,000 Dyne-Cms. Balance

Torque (Dyne-Cm.)
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Initial Unbalance

YAW AXIS CONTROL-BOTH BALANCING MODES

(_y : 90 o)

Torque vs. Settling Time to 5,000 Dyne-Cms. Balance

Torque (Dyne-Cm.)
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